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Abstract
Let Z be a closed, boundedly relatively weakly compact, nonempty subset of a Banach space X,
and J :Z → R a lower semicontinuous function bounded from below. If X0 is a convex subset in
X and X0 has approximatively Z-property (K), then the set of all points x in X0 \ Z for which
there exists z0 ∈ Z such that J (z0) + ‖x − z0‖ = ϕ(x) and every sequence {zn} ⊂ Z satisfying
limn→∞[J (zn)+‖x − zn‖] = ϕ(x) for x contains a subsequence strongly convergent to an element
of Z is a dense Gδ-subset of X0 \ Z. Moreover, under the assumption that X0 is approximatively
Z-strictly convex, we show more, namely that the set of all points x in X0 \Z for which there exists
a unique point z0 ∈ Z such that J (z0) + ‖x − z0‖ = ϕ(x) and every sequence {zn} ⊂ Z satisfying
limn→∞[J (zn) + ‖x − zn‖ = ϕ(x) for x converges strongly to z0 is a dense Gδ-subset of X0 \ Z.
Here ϕ(x) = inf{J (z)+‖x − z‖; z ∈ Z}. These extend S. Cobzas’s result [J. Math. Anal. Appl. 243
(2000) 344–356].
 2004 Published by Elsevier Inc.
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1. Introduction
This paper is concerned with the generic solutions for some perturbed optimization
problems containing as a particular case the problem of nearest point. Let X be a real Ba-
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B(x, r) to denote the closed ball in X with center x and radius r (> 0). Throughout this
paper the functional J :Z → R will be supposed bounded from below and lower semicon-
tinuous (lsc).
For a functional J :Z → R and x ∈ X, consider the following problem [5]:
Problem J -inf: Find z0 ∈ Z such that J (z0)+ ‖x − z0‖ = infz∈Z{J (z)+ ‖x − z‖}.
Baranger [1] proved that if Z is a nonempty closed subset of a uniformly convex Banach
space X, then the set of all x ∈ X for which Problem J -inf has a solution is a dense
Gδ-subset of X, containing Stechkin’s results [14] as a particular case (the case J = 0).
Recently, S. Cobzas [5] extends Baranger’s results [1] mentioned above to reflexive Kadec
Banach space. For other results on perturbed optimization problems, see [9,10,12,15] and
the monograph [8].
The results on the generic solutions for perturbed optimization problems have been
applied in [1–3,6] to optimal control problems governed by partial differential equations
(PDE). If the control problem of minimization of the quantity ‖y(u)− z‖ over a subset U
(of admissible controls) of a Banach space X, where y(u) is the unique solution of a PDE,
has no solution, then one replaces it by a perturbed problem of minimization of the function
‖y(u)− z‖+ ε‖u− v‖ (or ‖y(u)− z‖− ε‖u− v‖) to which the general generic existence
results can be applied.
In the present paper, using different approach, which was developed by Lau [11] and
Borwein and Fitzpatrick [4], we prove that if Z is a closed, boundedly relatively weakly
compact, nonempty subset of a Banach space X, J :Z → R is a lower semicontinuous
function bounded from below, X0 is a convex subset in X and X0 has approximatively
Z-property (K), then the set
M(Z)∩X0 =
{
x ∈ X \Z; there exists z0 ∈ Z such that J (z0)+ ‖x − z0‖ = ϕ(x)
and every sequence {zn} ⊂ Z satisfying
lim
n→∞
[
J (zn)+ ‖x − zn‖
]= ϕ(x) contains a subsequence
strongly convergent to an element of Z
}∩X0
is a dense Gδ-subset of X0 \Z. Moreover, under the assumption that X0 is approximatively
Z-strictly convex, we show more, namely that the set
N(Z) ∩X0 =
{
x ∈ X \Z; there exists a unique point z0 ∈ Z such that
J (z0)+ ‖x − z0‖ = ϕ(x) and every sequence {zn} ⊂ Z
satisfying lim
n→∞
[
J (zn)+ ‖x − zn‖
] = ϕ(x) converges
strongly to z0
}∩X0
is a dense Gδ-subset of X0 \ Z. Where ϕ(x) = infz∈Z{J (z) + ‖x − z‖}. These extend
S. Cobzas’s result [5].
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Let Z be a closed nonempty subset of X. For x ∈ X let
P(x) = {z ∈ Z; J (z0)+ ‖x − z0‖ = ϕ(x)}.
Definition 2.1. X0 is said to be approximatively strictly convex respect to Z (or approx-
imatively Z-strictly convex) if for any x ∈ X0 and z1, z2 ∈ P(x), ‖x − z1 + x − z2‖ =
‖x − z1‖ + ‖x − z2‖ implies z1 = z2. Where X0 is a convex subset in X.
Definition 2.2. X0 said to have approximatively property (K) with respect to Z (or
approximatively Z-property (K)) if for any x ∈ X0 and any sequence {zn} ∈ Z satis-
fying limn→∞[J (zn) + ‖x − zn‖] = ϕ(x), with {zn} converges to z0 ∈ X weakly, that
‖zn − z0‖ → 0 provided that limn→∞ ‖x − zn‖ = ‖x − z0‖ and X0 is a convex subset in
X.
Clearly, for any two subsets X0, Z in X, it follows that
(1) X is strictly convex ⇒ X0 is approximatively strictly convex with respect to Z.
(2) X has the Kadec property ⇒ X0 has the approximatively property (K) with respect
to Z.
Locally uniformly convex Banach spaces and the space LP (1 < P < +∞) have the
Kadec property.
Definition 2.3 [13]. Let D be an open subset of X. A real-valued function f on D is said
to be Fréchet differentiable at x ∈ D if there exists x∗ ∈ X∗ such that
lim
y→x
f (y)− f (x)− 〈x∗, y − x〉
‖y − x‖ = 0.
x∗ is called the Fréchet differential at x which is denoted by Df (x).
Lemma 2.1 [13]. Let f be a locally Lipschitz continuous function on an open set D of a
reflexive Banach space. Then f is Fréchet differentiable on a dense subset of D.
As J is bounded from below on Z, say by −a ∈ R, it follows that J (z)+ a  0 (z ∈ Z)
and infz∈Z{a + J (z) + ‖x − z‖} = a + infz∈Z{J (z) + ‖x − z‖}, so that we can suppose
J (z) 0 (z ∈ Z).
Lemma 2.2 [5, Lemma 2.2]. The function ϕ satisfies the relation∣∣ϕ(x)− ϕ′(x)∣∣ ‖x − x ′‖ for all x, x ′ ∈ X.
For x ∈ X \ Z and δ > 0, put
Z(x, δ) = {z ∈ Z; J (z)+ ‖x − z‖ϕ(x)+ δ}.
Let
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{
x ∈ X \Z; inf
z∈Z(x,δ)
{
J (z)+ 〈x∗, x − z〉}> (1 − 2−n)ϕ(x) for some δ > 0
and some x∗ ∈ X∗ with ‖x∗‖ = 1}.
Also let L(Z) =⋂n Ln(Z) and
Ω(Z) = {x ∈ X \Z; there exists x∗ ∈ X∗ with ‖x∗‖ = 1 such that
for each ε ∈ (0,1) there is δ > 0 such that
inf
z∈Z(x,δ)
{
J (z)+ 〈x∗, x − z〉}> (1 − ε)ϕ(x)}.
Obviously, Ω(Z) ⊂ L(Z).
Lemma 2.3. L(Z)∩X0 is a Gδ-subset of X0 \Z.
Proof. To show that L(Z) ∩ X0 is a Gδ-subset of X0 \ Z, we only need to prove that
L(Z)∩X0 is open for each n. Let x ∈ Ln(Z)∩X0. Then there exist x∗ ∈ X∗ with ‖x∗‖ = 1
and δ > 0 such that
τ = inf
z∈Z(x,δ)
{
J (z)+ 〈x∗, x − z〉}− (1 − 2−n)ϕ(x) > 0.
Let λ > 0 be such that λ < min(δ/2, τ/2) and fix y with ‖y − x‖ < λ. For δ∗ = δ − 2λ, we
have Z(y, δ∗) ⊂ Z(x, δ). In fact, let z ∈ Z(y, δ∗); from Lemma 2.2, we have J (z)+ ‖y −
z‖ < ϕ(y)+ δ∗ and
J (z)+ ‖x − z‖ J (z)+ ‖y − z‖ + ‖y − x‖ < ϕ(y)+ λ+ δ∗
 ϕ(x)+ ‖y − x‖ + λ+ δ∗ < ϕ(x)+ 2λ+ δ∗ = ϕ(x)+ δ.
Hence if z ∈ Z(y, δ∗), then J (z)+ 〈x∗, x − z〉 τ + (1 − 2−1)ϕ(x) and
J (z)+ 〈x∗, y − z〉 = J (z)+ 〈x∗, x − z〉 + 〈x∗, y − x〉
 τ + (1 − 2−n)ϕ(x)− ‖x − y‖
= τ + (1 − 2−n)ϕ(y)− ‖x − y‖ − (1 − 2−n)[ϕ(y)− ϕ(x)]
 τ + (1 − 2−n)ϕ(y)− 2‖x − y‖ (1 − 2−n)ϕ(y)+ τ − 2λ.
Thus infz∈Z(y,δ∗){J (z)+ 〈x∗, y − z〉} > (1 − 2−n)ϕ(y) and y ∈ Ln(Z)∩X0 for all y ∈ X.
With ‖y − x‖ < λ, which implies that Ln(Z)∩X0 is open in X0 \ Z. 
The following lemma, due to Davis, Figiel, Johnson and Pelczynski [7], plays a key role
in the proof of the density of L(Z)∩X0.
Lemma 2.4 [7]. Let K be weakly compact subset of a Banach space Y = spanK . Then
there exists a reflexive Banach space Q and a one to one continuous linear mapping
T :Q → Y such that T (B(0,1)) ⊃ K .
Lemma 2.5. Let Z be a closed, boundedly relatively weakly compact, nonempty subset of
a Banach space X, then L(Z) ∩X0 is dense in X0 \Z.
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X0 \Z. Let x0 ∈ X0 \Z and suppose ϕ(x0) > ε > 0. Let
K = week-cl{(B(0,N) ∩Z)∪ {x0}},
where N = ‖x0‖+3ϕ(x0). Then K is weakly compact and if Y is the closed span of K , we
can apply Lemma 2.4 to obtain a reflexive Banach space Q and a one-to-one continuous
linear mapping T :Q → Y such that T (B(0,1)) ⊃ K . Set
OT =
{
y = z + tx0 ∈ Y ; z ∈ spanK, 0 < t < 1
}
.
Then OT is open in Y so that O = {u ∈ Q, T u ∈ OT } is open in Q.
Define fz :O → [0,+∞) by
fz(u) = ϕ(T u), ∀u ∈ O.
Then fz(·) is a Lipschitz function on Q and so by Lemma 2.1, fz(·) is Fréchet differen-
tiable on a dense subset of O . Thus there exists a differentiable point v ∈ O of fz(·) with
Dfz(v) = v∗ such that y = T v ∈ ˚B(x0, ε). This means that
lim
h→0
ϕ(T (v + h))− ϕ(T v) − 〈v∗, h〉
‖h‖ = 0
and hence
lim
h→0
ϕ(y + T h)− ϕ(y)− 〈v∗, h〉
‖h‖ = 0.
Substituting tu (∀u ∈ Q and t → 0) for h in the previous expression and using
Lemma 2.2, we have 〈v∗, u〉  ‖T u‖. This shows v∗ = T ∗y∗ for some y∗ ∈ Y ∗. Fur-
thermore, 〈y∗, T u〉  ‖T u‖ for all u ∈ Q, so that ‖y∗‖ < 1 since T has dense range. By
Hahn–Banach theorem, we may extend y∗ to x∗ with ‖x∗‖ 1. Observe that
lim
t→0
ϕ(y + tT h) − ϕ(y)− t〈v∗, T h〉
t
= 0.
So that
lim
t→0
k∈K
[
ϕ[y + t (k − y)] − ϕ(y)
t
〈x∗, k − y〉
]
= 0.
(Since T (B(0,1)− v) ⊃ K − y .) Now choose {zn} ⊂ Z satisfying
lim
n→∞
[
J (zn)+ ‖y − zn‖
]= ϕ(y) (1)
for y ∈ X0 \Z. Then for each t ∈ (0,1),
ϕ
[
y + t (zn − y)
]− ϕ(y) J (zn)+ ‖y + t (zn − y)− zn‖ − ϕ(y)
= (1 − t)‖y − zn‖ + J (zn)− ϕ(y)
= −t‖y − zn‖ +
[
J (zn)+ ‖y − zn‖ − ϕ(y)
]
.
Let tn = 2−n + [J (zn)+ ‖y − zn‖ − ϕ(y)]1/2. Observe that
lim
n→∞
[
ϕ[y + tn(zn − y)] − ϕ(y)〈x∗, zn − y〉
]
= 0.tn
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lim
n→∞ inf
[−‖y − zn‖ + 〈x∗, y − zn〉 + tn] 0
and
lim
n→∞ sup‖y − zn‖ limn→∞ inf〈x
∗, y − zn〉 lim
n→∞ sup〈x
∗, y − zn〉
 lim
n→∞ inf‖y − zn‖ limn→∞ sup‖y − zn‖,
which again shows ‖x∗‖ 1. Thus ‖x∗‖ = 1 and
lim
n→∞‖y − zn‖ = limn→∞〈x
∗, y − zn〉. (2)
By (1) and (2), we have that limn→∞[J (zn)+ 〈x∗, y − zn〉] = ϕ(y).
Thus for each ε > 0, there is δ > 0 such that whenever z ∈ Z(y, δ), it follows that
J (z)+ 〈x∗, y − z〉 >
(
1 − ε
2
)
ϕ(y).
This implies y ∈ Ω(Z)∩X0. Since ‖y−x0‖ < ε, this establishes our density assertion. 
Theorem 2.1. If Z is a closed, boundedly relatively weak compact, nonempty subset of a
Banach space X, X0 is a convex subset in X and X0 has approximatively Z-property (K),
then the set M(Z)∩X0 is a dense Gδ-subset of X0 \Z.
Proof. From Lemmas 2.3 and 2.5, we have that L(Z)∩X0 is a dense Gδ-subset of X0 \Z.
Let x ∈ L(Z) ∩ X0. Then for each n, there exist δn > 0 and x∗n ∈ X∗ satisfying J (z) +
〈x∗n, x − z〉 > (1 − 2−n) ϕ(x) for all z ∈ Z(x, δn). Now choose any sequence {zn} ⊂ Z
satisfying limn→∞[J (zn)+‖x − zn‖] = ϕ(x). Without loss of generality, we may suppose
J (zn) + ‖x − zn‖ < ϕ(x)+ 1/n for all n ∈ N . Thus, 0 J (zn) < ϕ(x)+ 1, the sequence
{zn} ⊂ Z is bounded. Since Z is a boundedly relatively weakly compact subset of a Banach
space X, it will contain a sequence weakly convergent to an element z ∈ X. Therefore,
without loss of generality, we can suppose
J (zn) +‖x − zn‖ → ϕ(x); x − zn w→ x − z0;
J (zn) → α; ‖x − zn‖ → β.
Let m ∈ N be fixed and let n0 ∈ N be such that 1/n0 < δm. Then
J (zn) +‖x − zn‖ < ϕ(x)+ 1
n
< ϕ(x)+ δm, so that
J (zn) + 〈x∗, x − zn〉> (1 − 2−m)ϕ(x)
for all n ∈ N , n n0, which yields, for n → ∞,
α
∥∥x∗m∥∥ · ‖x − z0‖ α + 〈x∗m,x − z0〉 (1 − 2−m)ϕ(x).
Since ‖x∗m‖ = 1, we obtain (letting m → ∞)
α + ‖x − z0‖ ϕ(x). (3)
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‖x − z0‖ lim
n→∞‖x − zn‖ = β,
which, combined with (3), gives
ϕ(x) α + ‖x − z0‖ α + β = ϕ(x),
implying ‖x − z0‖ = β = limn→∞ ‖x − zn‖.
From x − zn w→ x − z0, ‖x − zn‖ → ‖x − z0‖ and the approximatively Z-property (K),
verified by X0, one obtains limn→∞ ‖zn − z0‖ = 0. As the set Z is closed and {zn} ⊂ Z,
it follows that z0 ∈ Z. The lower semicontinuity of the function J implies J (z0) 
limn→∞ J (zn) = α. But then ϕ(x)  J (z0) + ‖x − z0‖  α + β = ϕ(x), showing that
ϕ(x)= J (z0)+ ‖x − z0‖ and limn→∞ ‖zn − z0‖ = 0. The proof is completed. 
Remark. Using Theorem 2.1 method, we may prove that if J is a weakly lower semi-
continuous real-valued functional bounded from below and defined on a weakly compact
subset of a Banach space X, then the set of all points x in X for which the problem J -inf
has a solution is a dense Gδ-subset of X.
The following corollary is the main result in [5], it extends a result of Lau [11] on
nearest points (the case J ≡ 0).
Corollary 2.1 [5, Theorem 2.1]. Let Z be a nonempty closed subset of a reflexive Kadec–
Banach space X. Then the set {x ∈ X; Problem J -inf has a solution z0 ∈ Z} is a dense
Gδ-subset of X.
Proof. It follows from Theorem 2.1 and from the fact that every closed nonempty subset
of a reflexive space is a boundedly relatively weakly compact set. 
Theorem 2.2. Let Z be a nonempty, boundedly relatively weakly compact, closed subset of
a Banach space X. If X0 is a convex subset in X, X0 has approximatively Z-property (K),
and X0 is approximatively Z-strictly convex. Then the set N(Z)∩X0 is a dense Gδ-subset
of X0 \Z.
Proof. From Theorem 2.1, it suffices to prove that each point of the dense Gδ-subset
L(Z) ∩ X0 of X0 \ Z has at most one point z0 ∈ Z satisfying J (z0) + ‖x − z0‖ = ϕ(x)
for x ∈ X0 \ Z provided that Z is a closed, boundedly relatively weakly compact, non-
empty subset of a Banach space X, and X0 is approximatively Z-strictly convex. Now let
x ∈ L(Z) ∩ X0 and y, z ∈ Z with J (z) + ‖x − z‖ = J (y) + ‖x − y‖ = ϕ(x); then the
functional x∗ guaranteed by the definition of L(Z) has ‖x∗‖ = 1,
J (z)+ 〈x∗, x − z〉 = J (y)+ 〈x∗, x − y〉 = ϕ(x)
and
‖x − y‖ + ‖x − z‖ ‖(x − y)+ (x − z)‖ 〈x∗, x − y〉 + 〈x∗, x − z〉
= 2ϕ(x)− J (z)− J (y) = [ϕ(x)− J (y)]+ [ϕ(x)− J (z)]
= ‖x − y‖ + ‖x − z‖.
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L(Z)∩X0 is a dense Gδ-subset of X0 \Z. 
Corollary 2.2. Suppose that X is a reflexive, Kadec and strictly convex Banach space. Let
Z be a closed nonempty subset of X. Then the set{
x ∈ X \Z; problem J -inf has a unique solution z0 ∈ Z
and every sequence {zn} ⊂ Z satisfying
lim
n→∞
[
J (zn)+ ‖x − zn‖
]= ϕ(x) converges strongly to z0
}
is a dense Gδ-subset of X0 \Z.
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